We describe microscopic theory for the quantum transport through finite interacting systems connected to noninteracting leads. It can be applied to small systems such as quantum dots, quantum wires, atomic chain, molecule, and so forth. The Keldysh formalism is introduced to study the nonlinear current-voltage characteristics, and general properties of the nonequilibrium Green's functions are provided. We apply the formulated to an out-of-equilibrium Anderson model that has been used widely for the Kondo effect in quantum dots. In the linear-response regime the Kubo formalism still has an advantage, because it relates the transport coefficients directly to the correlation functions defined with respect to the thermal equilibrium, and it has no ambiguities about a profile of the inner electric field. We introduce a many-body transmission coefficient, by which the dc conductance can be expressed in a Landauer-type form, quite generally. We also discuss transport properties of the Tomonaga-Luttinger liquid, which has also been an active field of research in this decade.
Introduction
Quantum transport through finite interacting-electron systems has been studied extensively in this decade. For instance, the Coulomb blockade and various effects named after Kondo, Aharanov-Bohm, Fano, Josephson, etc. in quantum dot systems have been a very active field of research. Furthermore, the realization of non-Fermi liquid systems such as the Tomonaga-Luttinger liquid in quantum wires and multi-channel Kondo behavior in some novel systems have also been investigated by a number theorists.
To study transport properties of correlated electron systems, theoretical approaches that can treat correctly both the interaction and quantum interference effects are required. The Keldysh Green's function approach is one of such methods [1, 2, 3, 4, 5, 6, 7, 8, 9] . Specifically, the formulation for the nonlinear current-voltage profile by Caroli et al has been applied widely to the quantum transport phenomena. In this report, we describe the outline of the Keldysh formalism in Sec. 2, and then apply it to a single Anderson impurity, which is a standard model of quantum dots in the Kondo regime in Sec. 3 .
When a finite sample is connected to reservoirs that can be approximated by free-electron systems with continuous energy spectrums, the low-energy eigenstates of whole the system including the attached reservoirs are determined coherently. Thus, to understand the low-temperature properties, the information about the low-lying energy states of the whole system is required. The local Fermi-liquid theory [10, 11] , which was originally introduced for the Kondo systems [12] , is also applicable to the transport properties in wide classes of the interacting-electron systems at low temperatures. In Sec. 4, we reformulate the transport theory for the interacting systems connected to noninteracting leads based on the Kubo formalism. The dc conductance can be written in a Landauer-type form with a many-body transmission coefficient determined by a three-point correlation function. We also provide a brief introduction to Tomonaga-Luttinger model in Sec. 5 to take a quick look at the transport properties of a typical interacting-electron system in one dimension. 
Keldysh formalism for quantum transport 2.1 Thermal equilibrium
We start with a system that consists of three regions: a finite central region (C) and two reservoirs on the left (L) and the right (R). The central region consists of N resonant levels, and the interaction U j 4 j 3 ;j 2 j 1 is switched on only for the electrons in this region. We assume that each of the reservoirs is infinitely large and has a continuous energy spectrum. The central region and reservoirs are connected with the mixing matrix elements v L and v R , as illustrated in Fig. 1 . The complete Hamiltonian is given by
Here, c † jσ (c jσ ) creates (destroys) an electron with spin σ at site j, and µ is the chemical potential. Also, t L ij , t R ij , and t C ij are the intra-region hopping matrix elements in each of the three regions L, R, and C, respectively. The labels 1, 2, . . ., N are assigned to the sites in the central region. Figure 2 : Examples for the profile of the electrostatic potential Φ C (i) for (a) an insulating sample, and (b) a metal sample, where eV = Φ L − Φ R . the label 1 (N) is assigned to the site at the interface on the left (right), and the label 0 (N + 1) is assigned to the site at the reservoir-side of the left (right) interface. We will be using unitsh = 1 unless otherwise noted.
The density matrix for the equilibrium state ρ eq is given by
Therefore, the Hamiltonian H eq tot and a single chemical potential µ determine the statistical weight in thermal equilibrium.
Statistical weight for nonequilibrium steady states
When the voltage V is applied, the contribution of the electrostatic potential has to be included into H eq tot , as
Here Φ L and Φ R are the potentials for the lead at L and R, respectively, and the applied bias voltage corresponds to eV ≡ Φ L − Φ R . To determine the potential profile in the central region Φ C (i), the energy of the electric field should also be included into the Hamiltonian eq. (2), and it should be determined self-consistently. However for simplicity, we assume that Φ C (i) is a given function. In Fig. 2 , two typical profiles are illustrated. For an insulating sample, there must be a finite electric field in the central region and the potential shows approximately a linear i-dependence as that in the panel (a). In an opposite case, for a metallic sample, the electric field vanishes in the central region, and the potential profile will become the one as shown in the panel (b). Realistic situations seem to be in between these two extreme cases.
In contrast to the thermal equilibrium, one cannot write down the density matrix that describes the nonequilibrium statistical weight simply by using a single chemical potential,
because this statistical weight describes the situation after the electrons have already been redistributed to gain the electrostatic potential energy. One possible statistical weight that describes a nonequilibrium steady state was introduced by Caroli et al [4] . In the formulation of Caroli et al , the coupling to the leads H mix and the interaction H U C in the sample region are switched on adiabatically by separating the total Hamiltonian in the form
Here, δ = 0 + is an positive infinitesimal. Because H 1 has a quadratic form, it is possible to use the Wick theorem in the perturbation expansion with respect to H 2 . At t = −∞ the two reservoirs and the impurity are isolated, so that the different chemical potentials µ L , µ R , and µ C can be introduced into the three regions in the initial condition. The time evolution of the density matrix is determined by the equation
The formal solution of this equation can be obtained, by using the interaction representation ρ(t) = e i H 1 t ρ(t) e −i H 1 t and H 2 (t) = e i H 1 t H 2 (t) e −i H 1 t , as
Here, T denotes the operator for the chronological time order, and T is the anti-time-ordering operator. Note that eq. (18) is the Hermite conjugatae of eq. (17). Caroli et al have assumed that the initial condition at t 0 → −∞ is given by
Namely, at t 0 → −∞, each system is in a thermal equilibrium state with the chemical potential
Perturbation expansion along the Keldysh contour
The perturbed part H 2 (t) is switched fully on at t = 0. Therefore the expectation value of physical quantities are defined with respect to the density matrix at t = 0,
where O S is a Schrödinger operator, and [ ρ(0), H tot (0) ] = 0 for the stationary states. Equation (20) can be rewritten by using a property of the time-evolution operator, U(−∞, 0) = U(−∞, +∞) U(+∞, 0), as
where
The stream of the time in eq. (21) can be mapped onto a loop shown in Fig. 3 : starting from t = −∞, observing a quantity O at t = 0, then proceeding to t = +∞, and then going back to t = −∞. In the case of the usual T = 0 Green's function with respect to the equilibrium ground state, the wavefunction at t = +∞ is essentially the same with the one at t = −∞ apart from a phase factor if the initial state has no degeneracy [13] . Thus, eq. (21) can be decoupled at the time t = +∞. However, this simplification does not take place in the nonequilibrium case of the initial condition eq. (19), Therefore, one has to treat the time loop including the way back to t → −∞.
The time-dependent expectation value is defined by using the Heisenberg operator O H (t), and is written in the form
Here, the relation among the Schrödinger O S , interaction O(t), and Heisenberg O H (t) representations are given by
In eq. (22), T c and U c express the time order and time evolution along the Keldysh contour, respectively, and t − denotes the time in the −branch in Fig. 3 .
The perturbation expansion with respect to H 2 can be carried out by substituting eqs. (17) and (18), respectively, into U(+∞, −∞) and U(−∞, +∞) in eq. (22), as
The Wick's theorem is applicable to the average · · · 0 because H 1 has a bilinear form. However, because U(+∞, −∞) gives a factor (−i) m for the m-th order terms while U(−∞, +∞) gives a factor (+i) n for the n-th order terms, four types of the Green's functions are necessary to distinguish the contributions from these two branches. 
Lifshitz-Pitaevskii
G −− G ++ G +− G −+ Alternative notation G c G c G > G <
Nonequilibrium Green's function
We now introduce the four types of the Green's functions, which are required in the Feynman-diagrammatic approach to the perturbation expansion along the time loop,
Here c iσ (t 1 ) and c † jσ (t 2 ) are Heisenberg operators. t +,− denotes the time + or −branch in Fig. 3 . For these Green's functions, there is another notation used widely in literatures, and the relation between that and the present one by Lifshitz-Pitaevskii [5] is summarized in Table 1 .
Based on the Feynman-diagrammatic approach, the Dyson equation can be expressed in a 2 × 2 matrix form;
Here, g ij is the Green's function determined by the unperturbed Hamiltonian H 1 and density matrix ρ(−∞) for the initial isolated system. The Fourier transform has been carried out for stationary states,
For instance, in the noninteracting case H U C = 0, the self-energy correction is caused only by the couplings between the sample and reservoirs H mix ,
Note that the four types Green's functions are not independent,
Thus, the Dyson equation eq. (29) can be expressed in terms of three independent quantities by carrying out a Unitary transformation P −1 GP ;
Here, G r and G a are the retarded and advanced Green's functions, respectively,
The function F and Ω link closely to a nonequilibrium distribution. Alternatively, the original four Green's functions can be expressed with these three functions, as
Similarly, the four self-energies are written in terms of Σ r , Σ a and Ω,
The Dyson equation for the three functions are deduced from eq. (35)
Here, we have suppressed the subscripts for simplicity, and these equations should be understood symbolically. Eq. (43) can be solved formally by using eq. (42), as
Green's function for the initial state
The unperturbed Green's function g ij is determined by H 1 and the initial density matrix ρ(−∞). Initially at t → ∞, the three regions are isolated and noninteracting. Therefore, g ij;ν for ν = L, R, C is given by
Here, ǫ n;ν and φ n;ν (i) are the one-particle eigenvalue and eigenstate of H 1;ν . The information about the statistical distribution is contained in the function
In the system we are considering, each of the reservoirs (ν = L, R) has a continuous energy spectrum, and the isolated sample (ν = C) has a discrete energy spectrum. Thus, the full Green's function becomes to depend only on µ L and µ R , and does not depend on µ C [14] . This is because the contribution of F 0 to the corresponding full one F arises in a sandwiched form {g r } −1 F 0 {g a } −1 as described in eq. (44). Thus, the singular contributions of δ functions in
a ] of the sample region are canceled out by the zero points of the inverse Green's functions in both sides, to yield
Nonequilibrium current for noninteracting electrons
The nonequilibrium average of the charge and current can be deduced from the Green's functions. For instance, by using eqs. (28) and (31), an equal-time correlation function can be written in the form
Therefore, the current flowing from the left lead to the sample is given by
The expectation value for the current flowing from the sample to right lead, J R , can also be written in a similar form. In the noninteracting case H U C = 0, eq. (49) can be rewritten in terms of retarded and advanced Green's functions which link the two different interfaces of the sample [4] ; 
For interacting electron systems, the nonequilibrium current can not generally be written in the form of eq. (50). It does only in a particular case where the connection of the two leads and the sample has a special symmetry described by a relation Γ L (ǫ) = λ Γ R (ǫ) in the notation used in Ref. [15] . In the interacting case, the imaginary part of the self-energy caused by the inelastic scattering becomes finite. It links with the contributions of the vertex corrections, and the formulation becomes somewhat complicated. Nevertheless, in the linear-response regime, the dc conductance for interacting electrons can be expressed in a Landauer-type form quite generally [16, 17, 18] even in the case without the special symmetry mentioned above [19] . Specifically, at zero temperature T = 0, the imaginary part of the self-energy and vertex corrections for the current become zero at the Fermi energy ω = 0, and the transmission probability can be written in the form of eq. (51) with the interacting Green's functions. We discuss the details of these points in Sec. 4. We now apply the Keldysh formalism to a single Anderson impurity connected to two leads as illustrated in Fig. 3 . It corresponds to the N = 1 case of the Hamiltonian eq. (1), and has been widely used as a model for quantum dots. For convenience, we change the label for the sites: the new one for the impurity site is given by 0 ⇒ d, and that for the interfaces at the left and right leads are 0 ⇒ L and N + 1 ⇒ R, respectively.
Green's function for the Anderson impurity
The self-energy in the interacting case can be classified into two parts.
Here, Σ 0 ij corresponds the one defined in eq. (32), which represents the effects purely due to the mixing with reservoirs and sample. The remaining part Σ U contains the contributions of the onsite Coulomb interaction U. Substituting the self-energy eq. (53) into the Dyson equation (29), we obtain a set of equations for the impurity Green's function,
where g L and g R are the Green's function at the interfaces at left and right, respectively. The explicit form of the unperturbed Green's function at the impurity site is given by {g dd (ω)} −1 = (ω − ǫ d ) τ 3 with one of the Pauli matrices τ 3 . Substituting eqs. (55) and (56) into eq. (54), we obtain
Therefore,
Here G
dd (ω) is the Green's function for the noninteracting case. Furthermore, an alternatively form of the Dyson equation
Thus, the inter-site Green's functions can be deduced from G dd (ω) by using eqs. (55)-(56) and (61)-(62). The voltage-dependence arises via the unperturbed Green's functions for the leads at ν = L and R,
The pure mixing part of the self energy σ(ω) can be calculated from eqs. (58) and (63),
and σ a (ω) = {σ r (ω)} * . Then the noninteracting Green's function G
dd (ω) can be determined via eq. (60),
and
. Thus, the effects of the bias voltage arise through the distribution function f eff (ω).
The full Green's function for the impurity site can be expressed, using eqs. (42)- (44) and (64)- (66), as
and F dd (ω) are pure imaginary. The four elements of G dd (ω) can be written, using eqs. (38)- (39) and (74)- (75), as
With this distribution function, the number of the electrons in the impurity site can be written in the form
In the equilibrium case µ ≡ µ L = µ R , both f eff (ω) and f eff (ω) coincide with the Fermi function f (ω), because of the property eq. (84).
Properties of the Green's functions at eV = 0
We summarize here the properties of the Keldysh Green's function in the limit of the zero-bias voltage eV = 0, at which µ L = µ R . In this case, the four self-energies can be written in the form
Furthermore, in equilibrium, F dd:eq (ω) and Ω U :eq (ω) are determined by the retarded and advanced functions,
Specificality at zero temperature, Σ −+ U :eq (ω) and Σ +− U :eq (ω) vanish, respectively, at ω > µ and ω < µ, because of the Fermi function in eqs. (84) and (85). Similarly, the Green's functions G −+ dd:eq (ω) and G +− dd:eq (ω) also vanish at ω > µ and ω < µ, respectively. Therefore, at the equilibrium ground state, the usual T = 0 formalism which yields a single-component Dyson equation
becomes available.
Current through the Anderson impurity
The operators for the current flows from the left reservoir to the sample J L and that from the sample to the right reservoir J R are given by
As mentioned in Sec. 2.6, the expectation values can be expressed in the form
The inter-site Green's functions in the right-hand side of eq. (92) can be expressed in terms of G dd (ω) using eqs. (55)- (56), and (61)-(62), as
Thus, using eqs. (39), (75), and (93)-(94), we obtain
Similarly, for the right-hand side of eq. (91), we obtain
If the two couplings between the Anderson impurity and leads have a property Γ L (ω) = λΓ R (ω) with λ being a constant [15] , the expression for current can be simplified by taking an average, Γ L ×(95) + Γ R ×(96), as
Note that J = J L = J R for stationary states.
Perturbation expansion with respect to H U C
So far, we have discussed general properties of the nonequilibrium Green's functions. To study how the inter-electron interactions affect the transport properties, the self-energy Σ U (ω) must be calculated with reliable methods. Because the noninteracting Green's function, which includes the couplings between the leads and the Anderson impurity, have already been obtained in eqs. (68)- (70), the remaining task is calculating Σ U (ω), for instance, by taking G
dd to be the unperturbed Green's function. Then, the interacting Green's function G dd are deduced via the Dyson equation (59).
The self-energy Σ U (ω) can be calculated with the perturbation expansion with respect to the inter-electron interaction H U C . For generating the perturbation series, it is convenient to introduce an effective action,
Here, η † dd is determined by the noninteracting Greens function,
In eq. (100), the sign for the interaction along the − branch and that for + branch are different. This correspond to the sign arises in eq. (24), and it is determined from which of the time-evolution operators, U(+∞, −∞) or U(−∞, +∞), the perturbation terms arise. For S ex (η † , η) in eq. (98), we introduce an external source of two anticomutating c-numbers j † σ (t) = j † σ− (t), j † σ+ (t) following along the standard procedure [20] ,
In this formulation, the Green's functions are generated from a functional
In the noninteracting case, the functional integration can be calculated analytically
The generating functional Z[j] can be rewritten in the form
Here, η and η † in the action S U (η † , η) has been replaced by the functional derivatives
The perturbation series can be obtained by substituting eq. (106) into (107) and then expanding e iS U in a power series of S U .
Fermi-liquid behavior at low bias voltages
The out-of-equilibrium Anderson model has been studied by a number of theoretical approaches. In this section, we discuss briefly the low-bias behavior of the Green's function and differential conductance, which have been deduced from the Ward identities for the Keldysh formalism [21] . In equilibrium and linear-response regime, the low-energy properties at max(ω, T ) ≪ T K can be described by the local Fermi liquid theory, where T K is the Kondo temperature [12] . The results deduced from the Ward identities show that the nonlinear properties at small bias-voltages eV ≪ T K can also be described by the local Fermi liquid theory. The low-energy behavior of Im Σ r U (ω) has been calculated exactly up to terms of order ω 2 , (eV ) 2 , and
is the vertex function for the causal Green's function in the zero-temperature formalism, and A eq (ω) = −Im G 
, where α L and α R are constants which have been introduced to specify how the bias voltage is applied to the equilibrium state. Namely, µ L ≡ α L eV and µ R ≡ −α R eV with α L + α R = 1.
The real part of the self-energy is generally complicated. However, it is simplified in the electron-hole symmetric case for ǫ d = −U/2, Γ L = Γ R , and µ L = −µ R = eV /2. In this case the spectral wight at the Fermi energy becomes A eq (0) = 1/(π∆) with ∆ = Γ L + Γ R , and the low-energy behavior of the real part of the self-energy is given by
Here, the constant Hartree term U/2 is included into the unperturbed part, and it set the position of the Kondo peak on the Fermi energy ǫ d + U/2 = 0. Therefore, G r (ω) can be deduced exactly up to terms of order ω 2 , T 2 and (eV ) 2 from eqs. (109) and (110),
where the renormalized parameters are defined by
The order U 2 result [14] can be reproduced from eq. (112) by replacing U with the bare Coulomb interaction U and using the perturbation result for the renormalization factor z = 1 − (3 − π 2 /4) u 2 + · · ·, where u = U/(π∆). This result shows that in the symmetric case the low-voltage behavior is characterized by the two parameters ∆ and U . These two parameters are defined with respect to the equilibrium ground state, and the exact Bethe ansatz results exist for these parameters. The width of the Kondo resonance ∆ decreases with increasing U, and becomes close to ∆ ≃ (4/π)T K for large U with the Kondo temperature defined by
The Wilson ratio is usually defined by R ≡ χ s / γ, where γ and χ s are the enhancement factors for the T -linear specific heat and spin susceptibility, respectively [11] . Alternatively, it corresponds to the ration of U to ∆,
The Wilson ratio takes a value R = 1 for U = 0, and it reaches R = 2 in the strong-coupling limit U → ∞. The nonequilibrium current J is calculated by substituting eq. (112) into eq. (97). Then, the differential conductance dJ/dV are determined exactly up to terms of order T 2 and (eV ) 2 , dJ dV = 2e
(116) Therefore, the nonlinear (eV ) 2 term is also scaled by the resonance width ∆, and the coefficient is determined by the parameter R − 1, or U /(π ∆).
Transport theory based on Kubo formalism
We have discussed in Sec. 2.6 that in the noninteracting case the nonequilibrium current can be written in a Landauer-type form, as eq. (50). The similar expression has been derived for interacting electrons in a special case, when the couplings between the leads and sample satisfy the condition Γ L (ǫ) = λ Γ R (ǫ) in the notation used in Ref. [15] . For this condition to be held, the interacting sites must be classified into the following two groups: one group consists of the sites that are connected directly to both of the two leads, and other group consists of the sites that have no direct links (hopping matrix elements) to the leads. This condition restricts the application of eq. (50). For instance, if there is an interacting site that is connected to only one of the two leads, the condition is not satisfied. Therefore, eq. (50) is not applicable to a series of quantum dots as illustrated in Fig. 6 . Nevertheless, in the linear-response regime, the Landauer-type expression of the dc conductance, eq. (139), can be derived quite generally without the condition mentioned above [19] .
In Sec. 4.1, based on the Kubo formalism, we describe the outline of the derivation of eq. (139) for interacting electrons. Our proof uses the analytic properties of the vertex corrections following along theÉliashberg theory of a transport equation for correlated electrons [22, 23] . The many-body transmission probability T (ǫ) is given by eq. (140), and it is written in terms of a three-point correlation function. At zero temperature, the imaginary part of the self-energy due to the interaction and the vertex corrections for the current become zero at the Fermi energy ǫ = 0. Due to this property, the transmission probability at T = 0 is determined by the single-particle Green's functions as shown in eq. (141). In Sec. 4.2, the current conservation law for the correlation functions is described with the generalized Ward identity, which expresses the relation between the self-energy and current vertex. In Sec. 4.3, we provide the Lehmann representation of the three-point functions to carry out the analytic continuation formally. It can be also used for nonperturbative calculations of T (ǫ). We apply this formulation to a finite Hubbard chain in Sec. 4.4, and show an example of the transmission probability T (ǫ) for interacting electrons.
Many-body transmission coefficient T (ǫ)
We now consider the Hamiltonian H eq tot defined in eq. (1) again, which is also illustrated in Fig. 1 . The dc conductance g can be determined in the Kubo formalism, and it corresponds to the ω-linear imaginary part of a currentcurrent correlation function K αα ′ (ω + i0 + );
where α = L or R. The retarded correlation can be calculated via the analytic continuation
, where ν l = 2πl/β is the Matsubara frequency. The current operator J α is defined by
Here J L is the current flowing into the sample from the left lead, and J R is the current flowing out to the right lead from the sample. These currents and total charge in the sample ρ C satisfy the equation of continuity
Owing to this property, the dc conductance g defined in eq. (117) does not depend on the choice of α and α ′ [18] . Note that K α ′ α (z) = K αα ′ (z) owing to the time-reversal symmetry of H.
To calculate the ω-linear imaginary part of K αα ′ (ω + i0 + ), we introduce the three-point correlation functions of the charge and currents,
where δρ C ≡ ρ C − ρ C . These three functions can be expressed as functions of two Matsubara frequencies iν and iε,
for γ = C, L, R. We mainly consider the electrons in the central region assuming jj ′ ∈ C. In the right-hand side of eqs. (124) and (125), there still exist the creation and annihilation operators with respect to the leads at 0 and N + 1 in the operators J L and J R . The correlation functions that include these two sites as one of the external points can be related to those defined with respect to the adjacent sites 1 and N, by using the properties of the Green's function at the two interfaces:
Here g L (z) and g R (z) are the local Green's functions at the interfaces of the isolated leads, 0 and N + 1, respectively. Using these properties, the three-point correlation functions for jj ′ ∈ C can be expressed as
where Λ γ;j 4 j 1 includes all the vertex corrections. The corresponding bare current vertices are given by
with
We now calculate the ω-linear part of K αα ′ (z) taking α and α ′ to be R and L, respectively. Using the three-point correlation functions, the currentcurrent correlation function K RL (iν) can be expressed as
[2]
[3] Paying attention to the analytic properties of the Green's functions, the summation over the Matsubara frequency can be rewritten in a contourintegral form. Then, by carrying out the analytic continuation iν → ω + i0 + , we obtain
R;11 (ǫ, ǫ + ω)
where f (ǫ) = (e βǫ + 1) −1 . The superscript with the bracket, that is, [k] for k = 1, 2, 3, is introduced specifies the three analytic region of Φ R;11 (z, z + w) and λ L (z, z + w) in the complex z-plane. These regions are separated by the two lines, Im (z) = 0 and Im (z + w) = 0, as shown in Fig 5. In each of the three regions, Φ R;11 (z, z + w) corresponds to the analytic function given by
These analytic properties can be clarified explicitly in the Lehmann representation, eq. (158), provided in the next subsection. Similarly, the analytic continuation of the bare current vertex λ α (iε, iε + iν) for α = L, R is given by
where the factor s α is defined such that s L = −1 and s R = +1. In this section, we distinguish the retarded and advanced Green's functions by the label + and −, respectively, in the superscript. In the limit of ω → 0, the bare vertices for k = 1 and 3 vanish as λ
In contrast, for k = 2, it tends to a finite constant λ
Correspondingly, the asymptotic behavior of Φ [k] α (ǫ, ǫ + ω) for small ω has been investigated by using the Lehmann representation of a four-point vertex function [22, 23] , and the result is [19] ,
for α = L, R. Therefore, taking the ω → 0 limit in eq. (117) by using eq. (135) for K RL (ω + i0 + ), we obtain g = 2e
Thus, the dc conductance is determined by the three-point function for the analytic region k = 2. The analytic continuation is performed formally by using the Lehmann representation in Sec. 4.3. The result shows that Φ [2] R;11 (ǫ, ǫ) can be expressed as a Fourier transform, eq. (162), of a real-time retarded product in eq. (160).
Specifically, at T = 0 the conductance is determined by the value of the transmission probability at the Fermi ǫ = 0, and it can be written in the form [24, 25, 26, 27] ,
This is due to the property that the vertex corrections for the current vanishes at T = 0 and ǫ = 0, as shown in eq. (154) in Sec. 4.2. Furthermore, the reflection probability is given by
The current conservation T (0) + R(0) = 1 follows from the identity in eq. (156). Similarly, at zero temperature, the Friedel sum rule for interacting electrons is given by [28] ,
where the S-matrix is defined by
In eq. (143), ∆N tot is the displacement of the total charge defined by
where · · · L and · · · R denote the ground-state average of isolated leads determined by H L and H R , respectively.
Current Conservation and Ward identity
The inter-electron interactions generally cause the damping of excitations. Therefore, theoretically, the self-energy and vertex corrections must be treated consistently with the approaches that conserve the current. In this subsection, we discuss the current conservation using a generalized Ward identity. The generalized Ward identity can be derived from the equation of continuity in the Matsubara form
It can be expressed by using a N × N matrix representation for jj ′ ∈ C with the Matsubara frequencies,
Here, G(z) = {G jj ′ (z)} and Φ γ (z, z + w) = {Φ γ;jj ′ (z, z + w)}. The matrix version of eq. (128) is given by
Thus, the identity can also be expressed using
Furthermore, the Dyson equation for the single-particle Green's function can be expressed as
and Σ(z) = {Σ jj ′ (z)} is the self-energy due to the inter-electron interactions. Therefore, eq. (149) represents a relation between the self-energy and vertex functions, and this identity must be satisfied in the conserving approaches. Carrying out the analytic continuation of eq. (149) in the region k = 2, iε + iν → ǫ + ω + i0 + and iε → ǫ − i0 + , and then taking the limit of ω → 0, we obtain
At T = 0, ǫ = 0, the imaginary part of the self-energy vanishes Im Σ + (0) = 0, and then the current vertices become equal to the bare ones,
Correspondingly, Φ
, and then the transmission probability is given by eq. (141). Alternatively, at T = 0, the analytic continuation of eq. (146) in region k = 2 is written in the form 
R (ǫ, ǫ) follows. Thus, in this case the dc conductance can be written in the form [14, 15] ,
Lehmann representation for T (ǫ)
We now show that the transmission probability T (ǫ) can be expressed in terms of a real-time retarded product in eq. (160) via the Fourier transform eq. (162). It shows a direct link between the transmission probability and dynamic correlation functions. To prove it, we first of all derive the Lehmann representation for Φ R;11 (iε, iε + iν), and then carry out the analytical continuation. Inserting a complete set of the eigenstates, H|n = E n |n , into eq. (125) and using eq. (126), we obtain
where Z = Tr e −βH . From eq. (158), the analytic continuation to obtain Φ 
where J R (t) ≡ e iHt J R e −iHt , and θ(t) is the step function. The commutators are defined by [A, B] ≡ AB − BA, and {A, B} ≡ AB + BA, as usual. The Fourier transform into the real frequencies is given by
For example, a time-ordered function is transformed into
Among the three real-time functions eqs. (159)- (161), the function for the region k = 2, that is, Φ [2] R;11 (t; t 1 , t 2 ) in eq. (160) determines the transmission probability
R;11 (ǫ, ǫ). Because the analytic continuation has already been done, the real-time correlation links directly to the transport coefficient. This formulation can be used for numerical calculations.
Application to a Hubbard chain connected to leads
In this subsection, we apply the linear-response formulation to a finite Hubbard chain attached to reservoirs, which can be considered as a model for a series of quantum dots or atomic wires of nanometer size. A schematic picture of the model is shown in Fig. 6 . The Hamiltonian parameters defined in eq. (1) are taken as follows. We take t C ij to be the nearest-neighbor hopping t, and U j 4 j 3 ;j 2 j 1 to be an onsite repulsion U. Specifically, we consider the electron-hole symmetric case, at which µ = 0 and ǫ d + U/2 = 0 with ǫ d being the onsite energy. We also assume that the two couplings are symmetric Γ L = Γ R (≡ Γ), and the local density of states of the leads is a constant. To examine the effects of the Coulomb interaction, we calculate the selfenergy and vertex corrections up to terms of order U 2 , the Feynman diagrams for which are illustrated in Fig. 7 [19] . These contributions satisfy the generalized Ward identity eq. (153) that corresponds to the current conservation law. In Fig. 8 to these resonance peaks, two broad peaks of atomic character appear at ǫ ≃ ±U/2 for large U. The resonance peaks become sharper with increasing U at low temperatures as seen in the panels (a) and (c). However, the height of the peaks decreases with increasing U. One exception, which happens for odd N, is the Kondo resonance at the Fermi level ǫ = 0. At this peak the transmission probability reaches the unitary-limit value 1.0 for any values of U, when the systems have the inversion symmetry Γ L = Γ R together with the electron-hole symmetry [27, 30] . The width of the Kondo resonance T K must decrease with increasing N. For even N, the transmission probability T (ǫ) shows a minimum at ǫ = 0. The characteristic energy scale in this case is the width of the valley, which eventually becomes the Mott-Hubbard gap in the limit of large N. The high energy profile of T (ǫ) at |ǫ| > ∼ 2t in the case of N = 3 is similar to that for N = 4. Namely, the high-energy part shows no notable N dependence. For U/(2πt) = 0.5, the upper and lower Hubbard levels at ǫ ≃ ±U/2 exist inside the energy region corresponding to the onedimensional band of the width 2t. The two Hubbard levels got outside of this energy region for U/2 > ∼ 2t. At finite temperatures, the resonance peaks at |ǫ| < ∼ 2t become broad, and the peak height decreases with increasing T . The structures of the resonance peaks vanish eventually at higher temperatures, and then the even-odd oscillatory behavior disappears [19] .
Recently, there has been a numerical progress in this subject. The conductance for N = 3 and that of 4 have been calculated away from half-filling as functions of ǫ d with numerical renormalization group (NRG). It has been clarified that the conductance shows a typical Kondo behavior as seen in Fig.  9 . Namely, the plateau of the Unitary limit g ≃ 2e 2 /h emerges at the gate voltages, ǫ d , corresponding to odd-number occupations of the electrons. In contrast, the conductance shows wide minimum when the interacting region is occupied by electrons of even numbers [31, 32] . Fig. 5.1 . However, we assume that k c → ∞, and will introduce the cut-off for the momentum transfer q, when it is required [33] . For low-energy properties, the interactions between the electrons near the Fermi level is important. Therefore, the interaction Hamiltonian eq. (166) can be simplified by taking only the scattering processes in which all the four momentums are close to one of the two Fermi points, that is, k + q ≃ ±k F , k ′ − q ≃ ±k F , k ′ ≃ ±k F , and k ≃ ±k F , into account;
For the scattering process with small momentum transfer q ≃ 0, there are two types of possibilities for the initial momentums k ≃ k ′ and k ≃ −k ′ . In contrast, in the case of the back scattering q ≃ ±2k F , the incident momentums must have the opposite sign k ≃ −k ′ . These scattering processes can be described by a simplified Hamiltonian,
These two density operators satisfy the commutation relations
One notable feature is that these two commutation relations are equivalent to those of the bose operators,
where p > 0. The commutation relation of the density operators and Hamiltonian can be calculated by using eqs. (167) and (174)- (177) as
where g 4 = g 4 /(2πv F ) , and g 2 = g 2 /(2πv F ) .
Two conservation laws
The operator for the charge and current are defined by
In the real space, the operators for the left and right movers ν = 1, 2 are written in the form
The equation of motion for ρ c (x) and ρ J (x) are derived from the Heisenberg equation using the commutation relations in eqs. (182)-(184),
Because there are two independent equations for ρ c (x, t) and ρ J (x, t), the explicit form of these Heisenberg operators can be calculated analytically; 
The relation among the three velocities v J , v N and v ρ can be summarized as
Charge and current correlation functions
Owing to the property shown in eq. (189), the correlation functions for the density operators 
where τ 3 is a Pauli matrix: 
The dc conductance corresponds to the ω → 0 limit,
whereh has been reinserted.
Boson representation of the Hamiltonian
We have seen in the above that the bosonic excitations play an important role on the transport properties of the Tomonaga-Luttinger model. Correspondingly, there is one notable feature in the commutation relations for the density operators in eqs. (182) and (183): the two parts of the Hamiltonian H 0 and H 4 / g 4 show the same commutation relations. Therefore, one can introduce an effective Hamiltonian H 0 defined by
which reproduces the commutation relation eq. (182). Thus, the correlation functions can be calculated exactly by using H 0 as a replacement for H 0 . The effective Hamiltonian is written in a bilinear form with the boson operators,
In this section, we have discussed only the two-particle correlation functions. The equation of motion for the single-particle Green's function can also be written in a closed form [34, 35] , and the precise calculations have been reported in Refs. [36, 37] . Furthermore, for comprehensive description of the bosonization, see Ref. [38] .
